the material was successfully synthesized in experiment by Li and co-workers in 2010 through an in situ cross-coupling method 24 . Since then, a variety of synthesis methods have been developed
and GDYs with different morphologies have been achieved experimentally (see recent reviews [25] [26] [27] [28] and references therein). The physical and chemical properties of GDY have been actively explored, which reveals its promising potential applications in environmental science 29 , energy 30, 31 , catalysis [32] [33] [34] [35] , and electronics [36] [37] [38] . Notably, regarding its electronic property, GDY is a semiconductor with a bandgap ∼ 0.5 eV 39, 40 . Its topological properties have not been carefully investigated before, because owing to the negligible spin-orbit coupling (SOC) strength for carbon, the material must be topologically trivial according to the conventional classification of time-reversal invariant insulators. However, this argument does not forbid a higher-order topology. So a natural question is: Is it possible that GDY possesses a hidden higher-order topology?
In this work, we answer the above question in the affirmative. By first-principles calculations and symmetry/topology analysis, we reveal GDY as the first realistic example of a 2D SOTI. We
show that the 2D bulk of GDY features a band inversion at the Γ point between two doublet states.
As a result, a pair of edge bands appear on its 1D edges; and for a generic edge, the edge spectrum is gapped, captured by the 1D Dirac model with a mass term. Such edge spectrum admits a Z 2 classification, so protected corner state must arise as the topological domain-wall state at the intersection between two edges if they belong to different topological classes. For GDY, we further show that this is the case for two edges related by a mirror symmetry, and hence for a hexagonalshaped GDY nanodisk with neighboring edges related by these mirrors, there will be six protected states localized at the six corners, with energy pinned in the bulk gap as due to an approximate chiral (sublattice) symmetry. Furthermore, we demonstrate that the crystalline symmetries (such as the mirror) are not essential: the existence of the 0D topological boundary states are robust against symmetry-breaking perturbations and shape imperfections. This will greatly facilitate the experimental characterization of the SOTI phase in GDY.
Results
Lattice structure. As shown in Fig. 1a , GDY is a carbon allotrope with a 2D planar network structure, which may be viewed as formed by inserting the diacetylenic linkage between two neighboring benzene rings in a graphene structure. The lattice is completely flat, with a single atom thickness. As such, it has the same hexagonal crystal symmetry p6m as graphene. Consisting of both sp-hybridized carbons in the ethynyl units and the sp 2 -hybridized carbons in the aromatic rings, GDY exhibits a high π-conjugation, which helps to stabilize the planar structure and lower the system energy. In fact, it has been found that GDY is the most stable non-natural carbon allotrope containing the diacetylene bonds 41 . The lattice constant obtained from our first-principles calculations is 9.46Å (details of our first-principles calculations are presented in the Methods), which is consistent with the previous results 39, 40 . The obtained bond lengths are shown in the Supplementary Information.
Bulk band structure. Figure 1c shows our calculated band structure of GDY. Here, it is important to note that the spin-orbit coupling (SOC) strength for this system is negligibly small because carbon is a light element. We have checked that the calculated band structures with and without SOC exhibit no noticeable difference. Hence, SOC is neglected in the calculation, and the system can be effectively treated as spinless in the following analysis.
From the band structure result, one clearly observes that GDY is a direct bandgap semiconductor with gap size ∼ 0.51 eV, in agreement with previous studies 39, 40 . The direct gap occurs at the Γ point of the Brillouin zone (BZ). Notably, both the conduction band minimum (CBM) and the valence band maximum (VBM) are formed by degenerate doublet states. These twofold degeneracies are protected by the crystal symmetry: The CBM doublet corresponds to the twodimensional irreducible representation E 2u of the D 6h point group; while the VBM corresponds to the E 1g representation. The two doublets have opposite parities under inversion.
Owing to the preserved time reversal symmetry and the negligible SOC, the system is topologically trivial according to the conventional characterization of 2D TIs. However, we find that the band edge configuration for GDY actually indicates an inverted band ordering at Γ, which was previously unnoticed. Indeed, in the atomic insulator limit, which can be achieved, e.g. by expanding the lattice, the E 2u doublet is found to be energetically below E 1g . This band inversion can also be verified by comparing the parity eigenvalues of the occupied bands at the four inversioninvariant points, including Γ and the three M points (see Fig. 1b ). For GDY, the three M points are equivalent due to the sixfold rotational symmetry, so we only need to compare Γ with one M point.
Let n Next, we explore the existence of corner states, which is the hallmark of a 2D SOTI. To this end, we calculate the spectrum for a 0D geometry, namely, a GDY nanodisk. For concrete calculations, we take the nanodisk to be of hexagonal shape, as shown in Fig. 3b . (Later, we will see that the essential results do not depend on the shape, because they have topological origins.)
The obtained discrete spectrum for the nanodisk is plotted in Fig. 3a . Remarkably, one observes six states degenerate at zero energy, which is the Fermi level. The spatial distribution of these zeroenergy modes can be visualized by plotting their charge distribution, as shown in Fig. 3b . Clearly, one observes that these states are well localized at the six corners of the disk, so they correspond to the isolated corner states. Their energy degeneracy is enforced by the sixfold rotational symmetry for the nanodisk geometry. At exact half filling, three of the six states will be occupied, and the excitation of the system becomes gapless, with zero-energy corner excitations.
As we analyze in detail below, these 0D corner states are topologically protected. In fact, a strong conclusion can be argued that the existence of the 0D boundary modes does not depend on the disk geometry or any exact crystalline symmetry of the system. Thus, these corner states are indeed topological. And their presence demonstrates the SOTI character of GDY.
Topological origin of the corner states. To demonstrate the topological origin of the corner states observed above, we shall construct an edge theory for GDY, and show that the GDY edges have a Z 2 topological classification, then a corner state will naturally arise as the topological domain-wall state at the intersection of two edges belonging to distinct classes.
We start with a model description of the bulk low-energy band structure. The bulk lowenergy physics occurs around the Γ point and features a band inversion, as we have mentioned.
Therefore, we construct an effective k · p model expanded around Γ, which is subjected to the D 6h point group symmetry as well as the time reversal symmetry T . The generators for the D 6h group can be chosen as the threefold rotation C 3z , the twofold rotation C 2z (equivalent to the inversion P for the 2D spinless case), and the vertical mirror M y perpendicular to y. In the basis of the two doublets (E 1g , E 2u ) T , these symmetry generators can be represented as
where the Pauli matrices s and τ represent two pseudospin degrees of freedom, τ acts on the two doublets, and s acts on the two degenerate states within each doublet, s 0 and τ 0 are the 2×2 identity matrix. Note that here the real electron spin is a dummy degree of freedom due to the absence of SOC. The time reversal symmetry is represented as T = K, with K the complex conjugation, and 8 it satisfies T 2 = 1 as for spinless case.
Constrained by these symmetries, the effective bulk model expanded to quadratic order in k takes the form of
Here w i , m i , c i , and v are real model parameters, and k = |k| is the magnitude of the wave vector.
In the model, we have m 1 > 0, because for the trivial vacuum (at k → ∞) E 1g is above E 2u , as we have discussed. Whether a band inversion at Γ occurs or not is determined by the sign of m 0 , and for GDY, the band inversion is signaled by m 0 > 0. From the bulk and the edge spectra in Fig. 1c and Fig. 2 , one can also observe that the system has an approximate spectral (chiral) symmetry, namely, the low-energy spectra are roughly symmetric about zero-energy. It derives from a sublattice symmetry of the structure (see the Supplementary Information). In fact, such an approximate chiral symmetry often emerges in carbon allotropes 42, 43 . In the effective model (2), the chiral symmetry operator is represented as C = τ x , such that when the first term and the c 1 term in Eq. (2) can be neglected, we have {C, H 2D } = 0.
Next, we shall derive the edge theory. To this end, one can directly solve the edge spectrum for a generic edge orientation, but here, instead, we choose to proceed with a more intuitive topological argument by utilizing the mirror symmetry M y . This also helps to explain the peculiar edge spectrum observed in Fig. 2c , and to provide a sufficient condition for a corner to host topological 0D state. It is worth noting that the mirror symmetry here is only used to facilitate the analysis; as 9 will be clarified later, its presence is not required for the existence of the topological corner states.
Let's consider the M y -invariant path k y = 0 in the bulk BZ. On this path, the two mirror subspaces with opposite M y eigenvalues m y = ± are decoupled. For each mirror subspace, one can evaluate its Berry phase for all occupied (valence) bands, given by
where A ± (k) is the non-Abelian Berry connection field for the occupied bands in the mirror subspace ±. This Berry phase must be quantized (in units of π) due to the P and T symmetries, and it represents the electric polarization for a mirror subspace of the 1D subsystem with k y = 0 44 .
Connected with the band inversion at Γ, straightforward calculations both from the effective model H 2D and from the first-principles result show that γ + = γ − = π, dictating the presence of one edge state for each mirror subspace at any edge where the k y = 0 path has a finite projection.
Particularly, on the zigzag edge which preserves the M y symmetry, the two mirror subspaces and hence the two edge states at the center of the edge BZ are still decoupled, such that each edge state will be pinned at zero energy as required by the chiral symmetry. This explains the spectrum observed in Fig. 2c , and the small gap between the edge bands is because the chiral symmetry is not an exact symmetry for the system. Meanwhile, for other edges that do not preserve M y , a pair of edge states still exist, but they are not decoupled by M y and would generally repel each other from zero energy. This explains the spectrum for the armchair edge in Fig. 2d , which makes a π/3
angle with an (equivalent) M y mirror (see Fig. 2b ).
To further have a quantitative description of the edges, we derive an edge model from the bulk model H 2D . For simplicity, let's turn off the quadratic terms in Eq. (2) in the following discussion, as they will not affect the essential physics. First, consider a flat edge at x = 0 that preserves M y , with GDY occupying the x < 0 region. Then the edge states are solved from the eigenvalue
where m(x < 0) = −m 0 , and m(x > 0) = +M with a large M → +∞ for the vacuum side. At k y = 0, the states with s z = ±1, i.e. with opposite M y eigenvalues, are decoupled, consistent with our previous analysis. Considering s z = +1, the equation is reduced to a Jackiw-Rebbi problem 45 , with a topological zero-energy edge mode
where A is a normalization factor. Similarly, the other zero-energy mode for s z = −1 is given by
Now, expanded at k y = 0 on the basis of these two states, the 1D edge model is given by
where k is the wave vector along the edge, and the Pauli matrices σ act on the space of (ψ − , ψ + ) T .
Within this reduced edge space, the symmetry operators have the following representations
One observes that M y and C forbid any mass term for the edge model (8) . This Dirac type edge model consistently describes the zigzag edge spectrum in Fig. 2c (again, the small gap is due to the weak C breaking, arising from high-order terms in H 2D ).
For a generic edge that does not preserve M y , the edge model H edge will be gapped by the mass term
It is well known that the sign of the mass term sgn(m M ) gives a Z 2 topological classification of this 1D Dirac model. Thus, protected 0D corner mode must exist at the intersection between two edges belonging to distinct topological classes [45] [46] [47] . Particularly, because this mass term is odd under M y , two edges connected by M y must have masses with opposite signs, i.e. belonging to different topological classes. We therefore have a sufficient condition: A protected 0D mode must exist at the corner where any two M y -related edges meet, regardless of the detailed edge geometry. This is illustrated in Fig. 4 , and is consistent with the first-principles result for the nanodisk in Fig. 3 .
The above analysis have clarified the topological origin of the corner states in GDY. It demonstrates that they are topologically protected 0D boundary states, because the edges of GDY are 1D insulators with topological classifications, which proves that GDY is a SOTI. We have used the crystalline symmetries such as M y to facilitate the argument. However, they are not required for the existence of the topological corner states 6 . This is evident from the edge picture: As long as the bulk and edge gaps are not closed, the topological classification for each edge cannot be changed 12 by any symmetry-breaking perturbations. For example, as shown in Fig. 5a , we artificially break all vertical mirrors by rotating the benzene ring relative to the diacetylenic linkages in a unit cell, and we redo the calculation for the nanodisk geometry. The result in Fig. 5 clearly shows that the zero-energy corner states are maintained. Thus, the corner states are indeed topologically robust.
Discussion
In this work, we have revealed GDY as the first realistic example of a 2D SOTI, with topologically protected 0D corner states. This offers a concrete platform for the experimental study of SOTIs. In experiment, the corner state can be detected as sharp peaks in the scanning tunneling spectroscopy (STS) measurement, which does not appear in the bulk sample but emerges when the tip moves close to the corner.
We have shown that the corner states are robust against symmetry-breaking perturbations, which greatly widens their experimental relevance. In fact, the argument not only applies to lattice distortions, but also to the edge geometry. Particularly, following the topological argument, the 0D boundary states should remain exist for a nanodisk even without sharply defined edges 6, 7 (clearly, also for nanodisks with generic shapes not restricted to a hexagon). Nevertheless, corners formed by sharp edges enjoy the advantage to easily pin down the location of the 0D states, so they are desired in experiment. We note that atomically sharp and clean edges have been demonstrated for graphene in experiment 48, 49 . Hopefully, similar technique can also be developed for GDY in the near future.
13
The corner states are pinned in the bulk gap by the approximate chiral symmetry of GDY, which is advantageous for their experimental detection. For a nanodisk that is too small, the corner states may interact with each other and get repelled from zero energy. Fortunately, our firstprinciples calculation shows that a GDY nanodisk with side width as small as ∼ 6 nm is already enough to suppress the coupling between the corner states. Meanwhile, the edge oxidation or edge adsorption of possible functional groups may locally break the chiral symmetry and shift the corner states out of the bulk gap. The corner states should still exist, but their overlapping with the bulk spectrum may complicate the experimental detection. Thus, the edge contamination should be avoided in experiment as much as possible.
Methods
First-principles calculation. The first-principles calculations have been carried out based on the density-functional theory (DFT) as implemented in the Vienna ab initio simulation package (VASP) 50, 51 , using the projector augmented wave method 52 . The generalized gradient approximation (GGA) with Perdew-Burke-Ernzerhof (PBE) 53 realization was adopted for the exchangecorrelation potential. The plane-wave cutoff energy was set to 500 eV. The Monkhorst-Pack kpoint mesh 54 of size 11 × 11 × 1 was used for the BZ sampling in bulk calculations, while only 
